In this paper we prove the existence and uniqueness of a travelling-wave solution of sharp type for the degenerate (at
Introduction
A wide range of wave behaviour has been observed in biological, ecological, physiological, and chemical systems. For example, spiral waves of concentration with one or multiple arms in chemical reactions, or of the density in the streaming behaviour of the amoeba Dictyostelium discoideum, scroll-like patterns in myocardium muscle, pulses of voltage in nerve conduction, waves of invasion of biological populations, and epizootic waves of disease spreading (see [5, 10, 17, 18, 25, 26] and the references therein). Some of these phenomena can be described by nonlinear reaction-diffusion equations (see [5, 9, 17] , for example). In many such cases, the observed waves can be approximated by waves moving in space with a constant profile and speed. These are the so-called travelling waves. Different mathematical methods have been developed and used in analysing the existence of travelling-wave solutions of systems of reaction-diffusion equations in one and higher dimensions (see [2, 6, 12, 14, 15, 16, 21, 23, 24] , for example). The classical example is due to Kolmogorov et al. (see [15] ) in which the problem is restated in terms of finding the set of parameters (including the speed c) for which heteroclinic arid homoclinic trajectories exist of an autonomous ordinarydifferential-equation (ODE) system in the travelling-wave variable.
Several authors (see [1, 8, 12, 13, 15] ) have used the approach above to prove the existence of different types of travelling-wave solutions for some nonlinear reaction-diffusion equations, such as the classical Fisher-KPP and Nagumo equations given by u,
, where D is a positive constant and g is a second-or third-order polynomial. For a strictly positive density-dependent diffusion coefficient D, and when g is typically a second-order polynomial-like function, the problem of the existence of travelling-wave solutions is wholly solved [7, 13] . These authors proved that this equation has travelling-wave solutions if and only if the equation u, = u xx + D(u)g(u) exhibits travelling-wave solutions. By using the aforementioned methodology it has been proved [23] that under certain conditions on D and g (see Section 2) the degenerate (at u = 0)
has: (i) a unique sharp travelling-wave solution for a critical value, c*>0, of c; (ii) no travelling-wave solution for 0<c<c*; and (iii) a travelling-wave solution of monotonic decreasing front type for each c > c*. The existence and uniqueness of a sharp-type solution for the equation with £)(«) = u and with g quadratic-like has been proved in [11] .
Here we prove a result on the existence and uniqueness of a travelling-wave solution of the sharp type for equation (1); a different, less direct, proof can be found in [23] . The paper is organized as follows: In Section 2 we state the problem and address some background results on the nonlinear local analysis and global behaviour of the trajectories of the ODE system for certain values of c. Section 3 deals with the proof of the existence of the saddle-saddle heteroclinic trajectory. In Section 4 we present a result on the uniqueness of the saddlesaddle connection. Corresponding to this trajectory is the sharp solution of the full partial differential equation (PDE).
The problem and some previous results
The problem we consider is that of looking for a travelling-wave solution u(x, t) = <f>(x -cf) = <£(£) of sharp type (see Definition 1) to the nonlinear, degenerate (at u = 0), one-dimensional, reaction-diffusion equation where D and g are functions defined on [0,1] satisfying the following conditions:
together with the initial condition u(x, 0) = M O (X) such that 0 =£ M O (*) =£ 1. Also we require O=£0(£)=£l V£ For the biological and ecological motivation for analysing the above equation, see [3, 4, 18, 19, 23] . Note that, because of condition (i), u,(x, r) = 0 and u 2 (x, 0 = 1 are homogeneous and stationary solutions of (1). Thus it is natural to consider those travelling-wave solutions of (1) which connect these two equilibrium states.
Before we begin the analysis we introduce the following definition. DEFINITION 1 If there exists a value c* > 0 of the speed c and a value £* e (-oo, +oo) of £ such that u(x, t) = <f>(x -c*t) = <£(£) satisfies By substituting u{x, t) = <£(£) into (1) we obtain a second-order ODE of the form given by (2), which can be written, on introducing v = <£'(£), as the singular (at (f> = 0) system
where the primes on <{> and v denote the derivative with respect to £ and the prime on D denotes the derivative with respect to <f>. The singularity can be removed by using a standard reparametrization (see [3, 23] ) of (3). Thus, letting r be such that dr 1 and defining <£(r) = $(£(r)) and U(T) = U(^(T)), we can rewrite (3) as the nonsingular system
where the overdots on <f> and v denote the derivative with respect to r. This system, together with the boundary conditions #(-°°) = l, u(-°°) = 0 J and </>(+oo) = 0, with 0SS<KT)«1 and u(r)«0 VTE(-»,+»), constitutes the restatement of problem (1). It can be proved that systems (3) and (5) give the same dynamics in the strip {(<£, u):0<<£=£l, -oo < u < + 00 }; that is, they are topologically equivalent in this region of the ($, u)-plane. We begin the analysis by considering the local behaviour. System (5) has three equilibria: P o = (0,0), P x = (1,0), and P c = (0, -c/D'(0))\ P c and /*, are hyperbolic saddle points for all positive values of c; P o is a nonhyperbolic saddle-node point which runs away monotonically on the negative u-axis as c increases. The local phase portrait of (5) is illustrated in Fig. 1 . For full details of the nonlinear local analysis, see [23] .
For the global phase portrait of (5) we introduce the following notation: W"(P,) is the left unstable manifold of P u and W C (P C ) is the right stable manifold of P c . We also define the region $ = {(<£, v): 0=£ <f> =£l, -°o<i;=£0}. We need the following results which give us the global behaviour of W"(/>,) and W S C (P C ) for some values of c. The proof can be seen in [23] . PROPOSITION (5) is illustrated in Fig. 2(a) . (5) is illustrated in Fig. 2(b) . REMARK 1 Given the equivalence between looking for travelling-wave solutions for (1) satisfying appropriate boundary conditions and looking for heteroclinic trajectories for system (5), the meaning of Now we proceed to analyse the dynamics given by (5), firstly focusing on the existence of the saddle-saddle heteroclinic trajectory connecting P t with P c .
Shooting arguments and the existence of the saddle-saddle connection
Here we use some shooting arguments to prove the existence of the saddle-saddle heteroclinic trajectory of (5) respectively, and the arc A'B' is the boundary of a small circular neighbourhood of Pi belonging to the region 3?. The set if will be useful for shooting (see Fig. 3 ).
The following lemma holds.
LEMMA 2 The stable manifold W C (P C ), for c e [c 0 , M*\, has a monotone, continuous intersection with the set AA'B'B.
From Lemma 2 we have the following corollary.
COROLLARY 1 There exist values Cj <c 2 such that, for c^<c<c 2 , W S C (P C ) intersects the arc A'B' monotonically and continuously (and similarly for the subdue A'B").
For the proof of Lemma 2 we need to address one continuity result and to prove a number of preliminary results. The fundamental continuity result we need can be found in many dynamics texts, for example in [22] . This result simply says that, for a hyperbolic equilibrium point, the local stable manifolds not only exist, but they are also continuously dependent on the vector field, in the C r topology (r s= 1). In particular, if the vector field depends smoothly on a parameter (in our case c) then the stable manifold depends smoothly (and hence continuously) on that parameter.
Let W% ]oc (P c ) denote the local stable manifold of P c . Now define the region Q) as the shaded area in Fig. 3 .
The following proposition holds: (<f> -1, v) T to the arc use the fact that the unstable manifold of P u for c e [c,, c 2 ], intersects A'B'. Call the point of intersection x'^ This is also monotone, but in the opposite direction. Thus we have overall a map from the interval [5, 3] to itself that is monotone decreasing Thus there must be a fixed point, that is, a t e [3, §] , such that x c (t) = x' c (t). This is based on the fact that any map of a compact, connected interval into itself has a fixed point (this is the simplest version of the classical fixed-point theorem). Since our map is monotone, the fixed point is unique.
We have thus given an alternative proof to that given in [23] of the uniqueness of a value of c, c*, such that W S C .(P C .) connects P x and P c .. Associated with the Pj -P c . heteroclinic saddle connection, whose existence and uniqueness we have just proved, we have the unique travelling-wave solution of sharp type for equation (1) . This is because the trajectory W".(P^), of (5) If we compare the method carried out here with that given in [23] we see that the method used here involves a more direct dynamical analysis. Hence, the method developed in this paper to prove the existence and uniqueness of the saddle-saddle trajectory of (5) appears to be sufficiently powerful to be applicable in proofs of similar results on heteroclinic connections for other parameterdependent ODE systems, particularly those which come from looking for travelling-wave solutions of parabolic degenerate equations.
